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Abstract
High order Lamb waves are investigated for the effects of stress on both symmetrical and anti-symmetrical
modes in an aluminum plate for wave propagation and load parallel. Data are compared with those for the case
of load and measurement axis perpendicular. It is the S1 mode which exhibits significantly higher sensitivity
to stress than other Lamb modes. For aluminum the use of the S1 mode for stress measurement is found to be
about six times more sensitive, than bulk waves, for the load-measurement axes parallel case and this compares
with about ten times for the case of load-measurement axes perpendicular.
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1. Introduction
Lamb waves are seeing increasing use in various forms of material characterization,
structural health monitoring and nondestructive testing. It was observed by Gandhi
et al.1 that although acoustoelastic bulk waves have been quite thoroughly investigated
there have been significantly fewer papers that have considered Lamb waves. Their
work used both numerical models and experiments to demonstrate how phase and
group velocity change, for fundamental Lamb wave modes, with the loading direction.
This approach was recently reviewed and extended to higher order Lamb modes by
Pei and Bond, who had initially investigated the sensitivity of higher Lamb modes to
stresses theoretically2 for the case where the direction of stress and axis for velocity
measurement are perpendicular. The models were then validated with data from
recently reported experimental measurements.3
In this paper, new data for higher order Lamb mode sensitivity to stress are
reported for the case where the load and measurement axis are parallel. Data are com-
pared and contrasted with the case of perpendicular load and measurement axis.3 The
study considered a 1.6mm thick aluminum plate, with velocity dispersion characteris-
tics reported for the normalized frequency-thickness range from 0 to 20MHz-mm.
2. Numerical model
The analytical expressions to predict effects on velocity for measurement and load axis
perpendicular were reported previously by Gandhi et al.1 and then by Pei and Bond.2
For the case of measurement and load axis parallel, the form of the equations are gen-
erally similar to the perpendicular case so only the differences are reported here. The
expression for the initial stress tensor can be written as
T ¼
T11 0 0
0 0 0
0 0 0
2
4
3
5: (1)
The complete system of equations3 is solved, using the boundary conditions for stress
free surfaces. Following some manipulation and after a few steps, the dispersion rela-
tions for symmetric and anti-symmetric modes are given and these can be written as,1,3
for symmetric modes,
fsðx; cÞ ¼ D11G1cotðca1Þ þD13G3cotðca3Þ þD15G5cotðca5Þ ¼ 0: (2)
And for anti-symmetric modes,
a)Author to whom correspondence should be addressed.
J. Acoust. Soc. Am. 142 (4), October 2017 VC 2017 Acoustical Society of America EL327
Ning Pei and Leonard J. Bond: JASA Express Letters [http://dx.doi.org/10.1121/1.5004388] Published Online 2 October 2017
faðx; cÞ ¼ D11G1 tanðca1Þ þD13G3 tanðca3Þ þD15G5 tanðca5Þ ¼ 0: (3)
The various constants used to evaluate these equations are given in detail in the sup-
plementary materials.4 The equations were solved and used to investigate the effects of
stress on different Lamb modes in the case where load and measurement axis are par-
allel and using a MATLAB code, the dispersion curves for the various modes can be
obtained. The material parameters used here are the same as those reported previ-
ously1 and the values are given in Table 1.
3. Numerical results
The highest sensitivity of various Lamb modes to load (strain) in the frequency and
thickness domain has been seen at 3.0MHz-mm, near the cut-off frequency.3 The rela-
tive change of group velocity with strain, for the range from 0 to 600 le, was calcu-
lated. These data are then compared with sensitivity for bulk waves for steel5 and alu-
minum6 and the data are shown given in Fig. 1. A difference between the two data
sets is that for the perpendicular (B) case the value is positive while for the parallel (A)
case the value is negative. This appears to be in agreement with the assumption that
tension makes the velocity increase while compression makes the velocity decrease, for
the parallel (B) case. For the perpendicular (A) case the opposite is seen. Tension
makes the velocity decrease while compression makes the velocity increase. When com-
paring effects of stress on Lamb waves (configuration A and B) to bulk waves, it is
seen that for the S1 parallel (B) case this Lamb mode is about six times more sensitive
than bulk wave and the S1 mode for the perpendicular (A) is about ten times more
sensitive.
Table 1. Aluminum parameters in calculations (Ref. 1).
Aluminum parameters for calculation
Parameter Value Units
k 54.308 GPa
l 27.174 GPa
l 281.5 GPa
m 339.0 GPa
n 416.0 GPa
q0 2704 kg/m
2
vl 6303 m/s
vt 3102 m/s
Thickness 1.6 mm
Fig. 1. (Color online) The change of velocity with strain of compressional wave for steel (Ref. 4) and for alumi-
num (Ref. 5) compared with data for the S1 mode in aluminum for Configuration A (load and measurement
axis perpendicular) and Configuration B (load and measurement axis parallel).
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The reason why a certain Lamb mode is much more sensitive than the bulk
wave can be explained by considering the dispersion relationship: for the velocity-
frequency curve, in terms of the absolute value of the slope this varies for different
modes with the change of frequency. For the S1 mode near the “cut-off” frequency the
slope is so steep that this causes a rapid velocity change. For the bulk wave, the slope
of the frequency-velocity curve remains nearly constant and exhibits a lower rate of
change than the slope of for the S1 mode.
4. Experiment results
The model data were compared with results obtained using an experimental system
reported previously7 and which was used to obtain data for the case of load and mea-
surement axis perpendicular. In this new work load axis and that for velocity measure-
ment were parallel. The experiment system is shown in schematic form in Fig. 2.
The Lamb waves were generated and received by using piezoelectric transducers
on variable-angle Plaxiglas wedges. The transmitted wave is generated using a 30 cycle
tone burst provided by a signal generator (Hewlett Packard 33120A, Renton, WA) and a
high power amplifier (Model 3100L, Electronic Navigation Industry, Rochester, NY).
The received signal is measured with a digital oscilloscope (HDO4022, 200MHz High
Definition Oscilloscope, Teledyne LeCroy, Chestnut Ridge, NY). Samples were alumi-
num sheets 1.6mm thick, and the length and width were approximately 50 and 45 cm.
The generated strain is monitored by three strain gages with a P3 Strain Indicator and
Recorder (Vishary Measurements Group, Inc., Wendell, NC).
5. Data analysis
The effect of load on the velocity of the S1 Lamb wave mode in the aluminum plate
was investigated. The received signal was analyzed using an approach reported previ-
ously for the perpendicular (A) case3 that employed the short-time Fourier Transform
(STFT) method,8 which has been demonstrated to be effective for use in dispersive
curve analysis.9 It has been reported3 that the arrival time t for the group velocity at
specific frequencies can be obtained by determining the magnitude of the coefficients,
calculated by STFT method. The arrival time t corresponds to the magnitude of the
coefficient. Further detailed discussion for STFT method for group velocity calculation
can be found in the paper by Pei and Bond.3
For the pair of transducers at a set separation (d) in the assembly the arrival
time (t1) was measured using the STFT method for a certain frequency of S1 mode.
The load was then applied and the new arrival time (t10) recorded. The transducer sepa-
ration was increased (or decreased) by a pre-selected increment (d0), and the new arrival
time recorded (t2), and again the load was applied and the arrival time recorded (t20).
The group velocity can then be calculated using the expression: Vg¼ d0/ (t2  t1). The
group velocity under loading can also then be expressed as: VgL¼ d0/ (t20  t10). The
time domain data were recorded with loads from 0 to 600le, with the interval of 100le.
The measurements were each performed three times and data averaged. Strain and time
of flight (TOF) data were recorded, their mean (x) is regarded as a good estimate of
the true value, the error bars are expressed as standard error (S ¼ r= ﬃﬃﬃﬃNp , where r is
the standard deviation and N is the number of the measurement). This approach was
used to give an estimate for the error bars reported in the following figures.
A comparison between the velocity changes seen under load between the par-
allel (case B) and perpendicular (case A) are shown in the following Fig. 3, with the
relationship between strain and relative change of velocity at 3.0MHz-mm. For case
B, it is seen that the absolute value of slope of the experiment data is 1.44e–5 le1,
Fig. 2. (Color online) Schematic for experimental system used to measure strain and ultrasonic velocity change
under various loads.
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which is a little less than that for the model result data (1.67e–5 le1). The reason for
the difference is that in the experiment the frequency and mode generated were not the
“cut-off” values. The dash line bar represents the error bar for the results, and this was
small (67:5e 4) as it is shown in the figure. As was also found previously for the
case of measurement axis and load perpendicular (case A) when the S1 mode velocity
was investigated it was also found to be slightly less sensitive to load than that pre-
dicted for the cut-off at 3.0MHz-mm. The reason is believed to be the same in that in
the experiment the frequency and modes generated were not exactly the “cut-off” val-
ues. The experimental and model data for these two cases are in good agreement when
values assumed to be higher than the cut-off, as shown with the red dashed lines for
case at 3.01MHz-mm rather than 3.0MHz-mm.
6. Conclusions
New data for the cases of the effect of stress on both symmetrical and anti-
symmetrical higher order Lamb modes in an aluminum plate for the configuration of
wave propagation and load parallel is given. Data are compared with those for load
and measurement axis perpendicular. In terms of effect on velocity it is the S1 mode
which exhibits significantly higher sensitivity to stress than other Lamb modes. For
aluminum the use of the S1 mode for stress measurement is found to be about six times
more sensitive than bulk waves for the parallel case and this compares with about ten
times for the perpendicular case.
Acknowledgments
This research was supported by the China Scholarship Council (CSC) and the Center for
Nondestructive Evaluation (CNDE), Iowa State University. The authors would like to
acknowledge the help rendered by Daniel Barnard (CNDE) for experiment preparation
and many helpful discussions during the research and to Sunil Kishore Chakrapani
(CNDE) for the suggestions made in reviewing the manuscript.
References and links
1N. Gandhi, J. E. Michaels, and S. J. Lee, “Acoustoelastic Lamb wave propagation in biaxially stressed
plates,” J. Acoust. Soc. Am. 132(3), 1284–1293 (2012).
2N. Pei and L. J. Bond, “Acoustoelastic Lamb wave analysis in thin plate,” in Proceedings IEEE Far East
NDT New Technology & Application Forum (FENDT), Zhuhai, China, May 28–31, 2015 (2015), pp.
149–153.
3N. Pei and L. J. Bond, “Higher order Acoustoelastic Lamb propagation in stressed plates,” J. Acoust.
Soc. Am. 140(5), 3834–3843 (2016).
4See supplementary material at http://dx.doi.org/10.1121/1.5004388 for discussion and definition of the
various terms used in Eqs. (2) and (3).
5D. E. Bray and R. K. Stanley, Nondestructive Evaluation, A Tool in Design, Manufacturing, and Service
(CRC Press, Boca Raton, FL, 1997), p. 51–178.
6N. S. Rossini, M. Dassisti, K. Y. Benyounis, and A. G. Olabi, “Methods of measuring residual stresses in
components,” Mater. Des. 35, 572–588 (2012).
Fig. 3. (Color online) Comparison of experimental and model S1 velocity change against load (dash line) and
numerical model results for cases at 3.0 and 3.015MHz-mm. aluminum for load and measurement axis perpen-
dicular (configuration A) and load and measurement axis parallel (configuration B).
Ning Pei and Leonard J. Bond: JASA Express Letters [http://dx.doi.org/10.1121/1.5004388] Published Online 2 October 2017
EL330 J. Acoust. Soc. Am. 142 (4), October 2017 Ning Pei and Leonard J. Bond
7R. B. Thompson, S. S. Lee, and J. F. Smith, “Angular dependence of ultrasonic wave propagation in a
stressed orthorhombic continuum: Theory and application to the measurement of stress and texture,”
J. Acoust. Soc. Am. 80(3), 921–931 (1986).
8M. R. Portnoff, “Time-frequency representation of digital signals and systems based on short-time
Fourier analysis,” IEEE Trans. Acoust. Speech Signal Processing 28(1), 55–69 (1980).
9M. Niethammer, L. J. Jacobs, J. Qu, and J. Jarzynski, “Time-frequency representations of Lamb waves,”
J. Acoust. Soc. Am. 109(5), 1841–1847 (2001).
Ning Pei and Leonard J. Bond: JASA Express Letters [http://dx.doi.org/10.1121/1.5004388] Published Online 2 October 2017
J. Acoust. Soc. Am. 142 (4), October 2017 Ning Pei and Leonard J. Bond EL331
